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Abstract

In this Letter, the multistability issue is studied for Bidirectional Associative Memory (BAM) neural networks. Based on the existence and
stability analysis of the neural networks with or without delay, it is found that the 2n-dimensional networks can have 3" equilibria and 2"
equilibria of them are locally exponentially stable, where each layer of the BAM network has n neurons. Furthermore, the results has been
extended to (n 4 m)-dimensional BAM neural networks, where there are n and m neurons on the two layers respectively. Finally, two numerical
examples are presented to illustrate the validity of our results.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, neural networks have attracted more and more attention of researchers due to their great perspectives of appli-
cation. Ranging from classifications, associative memory, image processing, and pattern recognition to parallel computation and its
ability to solve optimization problems, neural networks work as an intelligent tool in different situations. Neural networks have com-
plex dynamical behaviors, such as stability [1-5], periodic bifurcation and chaos [6-9], which have been extensively investigated.
The theory on the dynamics of the networks have been developed according to the purposes of applications.

In the applications of neural networks for associative memory storage or pattern recognition, the coexistence of multiple equi-
libria is a necessary feature [10—13]. The notion of “multistability” of a neural network is used to describe coexistence of multiple
stable patterns. In [14], the multistability of the delayed neural networks was discussed:

n
Xi (1) = —pixi (t) + Zaijgj(xj(l —u))+Ji, i=1,2,...,n (D
j=1
It is found that an n-neuron cellular neural networks can have up to 2" locally stable equilibria. Ref. [15] studied a general delayed
neural networks:

Xi (1) = —pixi(t) + Zoz,-jgj(xj(t)) + Zﬂ,-jgj(xj(t — ‘L','j)) +J;, i=12,...,n. 2)
j=1 j=1
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In Refs. [16—18], the multistability of cellular neural networks (CNNs) and delayed cellular neural networks (DCNNs) was in-
vestigated. Furthermore, in [15,17], the authors studied multiperiodicity and exponential attractivity of neural networks evoked by
periodic external inputs. In [25], the multistability and multiperiodicity are discussed for a class of delayed Cohen—Grossberg neural
networks. While many multistability criterions depend deeply on the self-connection weights «;;, f;; in the neural networks. For
instance in [14—-16], the related criterions always require «;; or «;; + B;; to be positive. However, if ;; = 0, 8;; = 0, the criterions
mentioned above are not applicable for checking the multistability of the neural networks.

Bidirectional Associative Memory (BAM) network, introduced by Kosko in [19-21], is a typical neural network model, in which
the self-connections of all neurons are zero. It has been successfully applied to pattern recognition and associative memory. As an
extension of the unidirectional autoassociator of Hopfield neural networks, BAM neural network is formed by neurons arranged in
two layers. The neurons in one layer are fully interconnected to the neurons in the other layer, while there are no interconnections
among neurons in the same layer. In Refs. [6,8,22,23], the authors discussed the problem of stability and periodic for BAM networks
with or without axonal signal transmission delays. However, to the best of our knowledge, few papers (if any) are concerned with
the multistability of BAM neural networks.

Motivated by the above discussions, we shall study the multistability of BAM neural networks in this letter. In Sections 2 and 3,
the 2n-dimensional networks are considered with n-neurons on each layer of the BAM networks. The condition of the existence of
multiple equilibria is obtained, in Section 2. In Section 3, the stability of the equilibria is investigated with delay or without delay.
In Section 4, the neural network model is extended to a more general form, in which there can be different number of neurons on
the two layers. Both the global stability and local metastability conclusions are obtained. In Section 5, two illustrative examples are
provided with simulation results. Finally, conclusions are given in Section 6.

2. Existence of multiple equilibria

In this section and Section 3, we consider the BAM neural networks without delay or with delay, respectively as follows:

Xi(t) = —aixi(t) + X1<j<a Lij8V; ) + Iy
. SO i=1,2,...,n 3)
Vi) = —ciyi(t) + 1< j<n dij8(xj (D) + Ji,
Xi(t) = —aixi(t) + X 1< j<n Lij8 (t — ) + L,
. S i=1,2,...,n 4)
Vit) = —ciyi(t) + 31 < j<n dijg(xj(t — 0ij)) + Ji,

where a; > 0, ¢; > 0, x;, y; are the activations of the ith neurons and jth neurons in the two layers, respectively. b;;, d;; are the
connection weights through the neurons in two layers, and I; and J; denote the external inputs. 7;; > 0, 0;; > 0 correspond to
finite speed of axonal signal transmission. Denote t := maxi<; j<u{7ij, 0;;}, where T > 0. The activation function g(s) = tanh(s),
which holds the sigmoidal configuration and is nondecreasing with saturation. As a functional differential equations described by
system (4), the initial condition is

xi(0) = ¢i (),
yi(0) =vi(9),
where ¢i7 Wi € C([_r7 0]7 R)

The stationary equations of systems (3) and (4) are identical as follows,
—aix; + Z]gjgn bijg(Yj) +1; =0,
—CiYi + i< j<n dij8(xj) + Ji =0,
Firstly, consider the BAM neural network with a single couple of neurons,
H) = —aix () + big (v(0) + I,

y(@) = —ciy(t) + diig(x(1)) + Ji.

Hence, the stationary equations can be rewritten as

6 €[—7,0],

i=1,2,...,n. 5)

(6)

x="llg(y)+ L=Gi(y), -
y="2g(x) + & = Hi(x).

C,

As is shown in Fig. 1, the equilibria of Eq. (6) are the crossing points of the curves x = G;(y) and y = H; (x).
Here, we propose the first condition:

bjid;;
>

aici

(Hyp):

It’s worth noting that, as a;, ¢; > 0, condition (Hj) also implies b;;d;; > Oforalli =1,2,...,n.
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Fig. 1. The graph of x = G,'(y) and y= Hi (x) with a; =c¢; = b,’,‘ = dii =1and I,‘ = J,’ =0.(a)x = G,‘(y). (b) y= H,' (x).
Theorem 2.1. For % < 1 and b;;d;; > 0, system (6) has one unique equilibrium.
(A

Proof. (1) If b;; > 0, then d;; > 0, a;c; — bj;d;; > 0. Hence G(y), H(x) is monotonous increase, and

—bj; + I; —dji + J;
lim Gi(y)zﬂ, lim Hi(x)zﬂ,
y—>—00 i X—>—0Q Ci

bii + 1; dij + J;
lim G;(y) = i ) lim H;(x)= i + L,
y—+00 a; x— 400 Ci
dGie 0@ dHie 0@
dy a; dx Ci

. . _ . bl bt dGT!
Therefore the inverse function G 1(x) can be defined on the interval ( b”_“’ , b”j_l' ), —+

a,

lim Glfl (x) = —o0, lim G;l (x) = 400,
xa% xa%

lim . (Gfl(x) — H;(x)) = —o0, lim . (Glf‘(x) — H;(x)) = +00.
xa% x*’”Til

By means of intermediate value theorem, there exists a xo such that Gi_l (x0) — Hj(xg) =0. Since

d(G7'—H) a  di  aici —bid
—t s — - —=—— >0,
dx bii C; b,‘ici

the value of Gfl (x) — H; (x) monotonously increases on the interval ( ), the zero point for Gfl (x) — H;(x) is unique.
So (xg, H;(xp)) is the unique equilibrium for system (6).

2)If b;; <0, then d;; <0, ajc; — bj;d;; > 0. With the similar analysis, we have

—biitli bii+li
ai’a

. -1 : -1 .
lim, (G () = Hi(x)) = +o0, i, (G () = Hi(x)) = —o0;

and

dG7' —H) @ di aici —bid
_t < — - —=—— <0,
dx bii ¢ bijc
G; 1(x) — H;(x) monotonously decreases on the interval (%, %). So (xp, Hi(x0)) is also the unique equilibrium for sys-
tem (6). This completes the proof. 0O

Remark 1. If b;;d;; < 0, the monotonicity of G, Y(x) — Hi(x) is obviously. Hence it is easy to prove that the equilibrium for
system (6) is unique. From Theorem 2.1, we can see that condition (H;) is a necessary condition for system (6) to have multiple
equilibrium.
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Fig. 2. The configurations of G;r(y), G; (y) and Hl.Jr (x), H; (x). (@) bjj, djj > 0. (b) bj;. dj; <O0.

Next, some notations are employed for the convenience of proof.

1 - _ 1 -
Gf(yi>=;(b,-ig<yi>+li+ > |bl-j|>, G, (yl->=;<b,-,»g<y,->+li— > |bij|),
1 1

j=1j#i j=1j#
1 - 1 -
Hi+(xi)=f(difg(xi>+1i+ > |d,-,~|), Hi‘(xi)=—_<diig<xi)+1i— > |di,-|>,
“ J=i# “ j=1i#
fori =1,2,...,n.Itis easy to verify that

_ 1
G; () < —

p ( Z bijg(yj)+1i> <G

"Igin

( > dl-jg<x,->+f,-> < H (x)). ®)

1<j<n

_ 1
Hl‘ (x) < —
Ci
‘We make the second assumption which is concerned with the existence of multiple equilibria for systems (3) and (4):
(Hp): fori=1,2,...,n, there exist two points (u;1, v;1) and (u;2, v;2), where u;; < u;,, such that

if bij, di; >0,  H (ui)) <vit, G (vi1) <ui,
H; (ui2) > vi2, G; (vi2) > ui2;
if bii, dis <0,  H (ui1) > vi1, G (vi1) < uii,
H (ui2) < viz, Gy (vi2) > upn.

The configuration that motivates (H) is depicted in Fig. 2. Under assumptions (H;) and (H»), if b;;,d;; > O in Fig. 2(a),
then there exist three couples of points (x}, y), (x;1, i), (575, v5), (x;5. yip)s (675, v, (x5, yi3), where (x;1, v, (x5, v,
(xig, yig) are the crossing points of the curves y; = Hi+ (x;), xi = G;”(yi), (X7 Y1) (xl_‘g, ylfg)’ (x;3. ¥;3) are the crossing points of
the curves y,-:Hl._'(x,-)., Xi =Gl._(y,-).xij <xi"1' <X <x;5 <xl_3 <x§,yj§ <yl£ <2)l_2<¥2 iylg <+y;g.7 . .

For bii’ di,-+< 0 T Fl_g 2(b_), thfre exist three couples of points (x;;, y;|), (xj_l, Vi) (Xips Xl.z), (xiz;ynz, (xl.3_, yl.3J2, (xl.i, yl.3_),
where (x;, ¥;7), (x;5, ¥;2), (X;3, y;3) are the crossing points of the curves y; = H;" (x;), x; = G; (¥i), (X, ¥i1)» (X125 ¥i2)s (X3, ¥i3)
arf the crossing points of the curves y; = H;” (x;), x; = G?'(yi). X < x?l' <x, < xl.z <Xz < xi'g, Vi3 < yg <Y < yl.'; <y, <
Vit

Remark 2. Condition (H>) can be simplified as follows:
(H’z): fori=1,2,...,n, there exist u;1, u;2, where u;; < u;2, such that
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if bis,dii >0, G (H' i) <uin, G;(H (un)) > up,

if bij, di; <0, G (H” (i) <uit, G; (H (i) > up.
For b;;, d;; > 0, Gl.+(y), G; (y) and Hi+(x), H;” (x) are monotone increasing functions. Due to Hl.+(u,~1) <1, G;"(v“) < ujl,
we have G;F(Hl*(u,-])) < uj1, and Hl.+(Gl.+(v,'1)) < vj1. On the other hand, suppose b;;, d;; > 0, and G;L(Hl*(u,-])) < uj1. Let
Vil = (Hi+(u51) + [G?]_l(uil))/Z, then (u;1, v;1) satisfies the inequality Hl.+(ul~1) < Vi1, G?_(U,']) <Ul. Similarly, if b;;, d;; > 0,

then H; (u;2) > vi2, G; (vi2) > u;2 are equivalent to G; (H; (u;2)) > u;>. Furthermore, the analysis for b;;, d;; < 0 is similar.
Hence, (H/Z) is equivalent to (H»).

In the following, the existence of equilibria will be proved.
Theorem 2.2. Under assumptions (Hy) and (Hy), both systems (3) and (4) have 3" equilibria.

Proof. The equilibria of systems (3) and (4) are the roots of Egs. (5). Under conditions (H;) and (H»), the graphs of x; = G;"(y,'),
xi =G; (i), yi = Hl.+ (xi), yi = H; (x;) defined above are depicted in Fig. 2. According to the configurations, there are 3" disjoint

closed regions in R, Set 2% = {(x1,X%2, o, Xny Y1, Y25 --+» Yn) € R2n | (xi,yi) € .Qia"} witha = (a1, a2, ...,0,),ando; = 1, 2, 3,
where
2} = {x, ) R | (v, € [, 7] x [vi i)
Q7 =[x, ) eR | (v, 3) € [x, x5] x [y vib] )
2} =[G, ) eR* | (v, ) € [x3, x5] x [vi3. v} ©)
Consider any fixed one of these regions £2%. For a given (X, ¥) = (X1, X2, ..., Xn, Y1, Y2, - - -» Yn) € £2%, we solve
n
—aixi(t) + biig(yi(1) + Z bijg(y; (1) +1; =0, (10)
j=lj#i
n
—ciyi() +dig(xi () + Y dijg(%;(0)) + Ji =0, (1)
J=Lj#i
for x;, yi,i =1,2,...,n. According to an estimate similar to (8), the graph of Eq. (10) lies in the regions between x; = Gl?L(y,-) and

x; = G; (yi), while Eq. (11) lies in the regions between y; = Hi+ (x;) and y; = H;” (x;). Thus, there exist at least three solutions,
and each of them lies in one of regions in (9) for each i. Consider the one lying in SZ? " and set it as (X;, y;) for each i, and define a
mapping Fy : 2% — 2% by F,(X,y) = (X,y) = (X1, X2, ..., Xn, Y1, Y2, - - - » ¥n). Since g is continuous, the map Fy, is continuous.
From Brouwer’s fixed point theorem, there exists one fixed point (x, y) of F,, which is also a zero of Eq. (5). Hence, there exist 3"
equilibria for system Egs. (3) and (4), and each of them lies in one of the 3" regions £2¢. The proof is completed. O

3. Stability analysis

In this section, the stability of the equilibria is considered. The third criterion is proposed concerning stability:

R + 21 bijlg’ () <0, g'(np) ==max{g'(y)) |y € [y, ¥ 11U 3 1500
3): ! e
—ci + 2?21 Idijlg'(§j) <0, g'(§;) :=max{g'(x;)|x; € [le,xfl] U [xj3,x;-r3]}-

From condition (Hy), if b;;, d;; > 0, then there exist (u;1, v;1) and (u;2, v;2), where u;1 < u;>, that Hl.+(u,-1) < i1, Gf(vil) <
u;1. There exists two open region

DI = {(x,y) | Hi+(x) <y, G;"(y) <x,x;§ <x< xi_z},
D;, = {(x,y) | H (x)>y,G; (y)>x,x< xl_]}

Hence, as is shown in Fig. 3(a), (u;1, vi1) € D;] and (x;[, yfl) on the edge of D;{, (x;1,y;;) on the edge of D;;.
As illustrated in Fig. 3(b), the similar region D, Dj; can be defined as follows

D= {(x,y) | H (x)>y,G; (y)> x,xf2 <x< xg},
Dig = {(x,y) | Hi+(x) <y, G;"(y) <X, X > xi'g},

which are open and (u;2, vi2) € Dj3.
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Fig. 3. The regions of D;7, D;q, D,

(b) The regions of D5, Di'g and Ai3 for b;;, d;; > 0. (c) The regions of D

3.5

3

2.5

2

>

-3.5

21

05 1'X1.5 2 25 3 35
(d)

D and A}, A3 for bj;. dj; > 0'in (a), (b), and by;, dj; <0 in (¢), (d). () The regions of D, D} and A} for b;;,d;; > 0.
D;’I and Al! for bj;, dj; < 0. (d) The regions of D5, Di'g and A? for b;;, di; <O0.

According to condition (H3) and the continuity of the activation function g, there exists a positive constant €y and four points
S s zF sty m— sy Et oot
1o YiD)s (51 3i1)s (K3 933)s (33, 3j3), where

(x71. v71)- €0) N Dy,
N D},
~t
(’%37)’1’3

such that
ai >3y 1bijlg’ (n)),
ci > 27:1 Idijlg' (&)),

where

jalh

g’y =max{g' vy | v; € [37, 511V 77 755

lh

g'(¢)) i=max{g'(x)) | xj € [¥7, T ] U [%5, ¥f;

12)
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For b;;, dji < 0, we can define the similar region D, Dll, D, D+ (see Fig. 3(c), (d)) and there exist a positive constant €y and
four points (¥;], )71."’1'), ()Eiﬁ, Vi (K3, )N/l."g), (i; ¥i3), satisfying Eq. (12) and
- .+ - +(=— s+ -
(Eo ytl) B((x;7. v;1): €0) N Dy, H (%) <35.G; (7
+ - + —(=
(% 17)’:1) B((x;\. v;1), €0) N D, H; ( )
- 4+ - +(=— s+ (st ~—
( i3 y,3) ((xi3’yi3)’60)mDi3’ H; (x. )<yi3’Gi y'3)>xi3’
- + - + — (=t + (- ~+
(%5, 3:3) € B((x;5, i3), €0) N D, H; (%5) > 353, G (5i3) < &5
For system (4), consider the following 2" subset of C([—1, 0], RZ”). Let o = (ay, o, ..., a,) with a; =1 or 3. Set
={@. V)= (D1, 2. ... In. V1. V2, ... Yw) | (D1, i) € AT,

where

{(¢17W1) GC([ 7,0], Rz) | #i(0) E[ XX ] Vi (0) E[ Vit ilﬂ, forall 0 e [_Tﬂo]}a
(@i, ¥) €C(I—7,01,R?) | ¢;(0) € [¥5. 55, vi(0) € [5;5. 5%]. forall 6 e [—7,01}.

Theorem 3.1. Under assumptions (Hy) and (Hy), each A% is positive invariant with respect to the solution flow generated by
system (4).

Proof. Consider any one of the 2" subsets of A“. For any initial condition (¢,v¥) € A%, we claim that the solution
x(t,¢,¥),y(t, ¢, ¥)) remains in A for all # > 0. If it is not true, then there exists a component (x; (¢), y; (t)), which is firstly (or
one of the first) escaping from Al.1 or A?.

Suppose b;;, d;; > 0. If (x; (), yi(¢)) firstly escapes from Al.l, then there exists a fo > 0, such that (x;(#p), y; (o)) is on the edge
of Ai1 and for any ¢ < 1o, (x;(t), yi(t)) € Al.l. There are four edges of Al.l. If x; (t0) = %], yi(t0) € [¥;1, &;{], then

i (to) = —aixi (10) + bii g (yi (to — i) + Z bijg(yj(to — 7ij)) +
J=1j#

bii R 1
>a|: xl1+ (y,l) = Z |bij|+a_ili:|

L=l
=ai[~%;; + G}, (i;)]
> 0.

Therefore, (x;(t), y; (t)) cannot escape from A 11 through the edge between the points (%;;, y;;) and (%;], ¥; 1) With the similar proof,
we can get that (x; (¢), y; (¢)) cannot escape from A,.1 through the other three edges. Hence, (x;(¢), y; (t)) cannot escape from A ,1 It
can be also proved that (x; (), y;(¢)) cannot escape from A?. So if b;;, d;; > 0, each A* are positively invariant of system (4).

For b;;, d;; <0, the proof is similar, and here omit it. From the analysis above, we have the conclusion that under the condition
(Hp) and (Hy), each A* are positively invariant of system (3) and (4). The proof is completed. O

Theorem 3.2. If assumptions (Hy), (H2) and (H3) hold, then there exist 2" exponentially stable equilibria for system (4).

Proof. Assume (X,¥) is the equilibrium in 2% for some o = («y, &2, ..., ®,), with o; = 1 or 3. Consider the single-variable
functions F;(-), F*(-), defined by

n n
Fi(s)=a; —s—Y_ |bijlg'(nj)e’™, Frs)=ci—s—Y_|dijlg ¢))e,
Jj=1 Jj=1
where g'(n;) := max{g'(y/)| y; € [¥;1, ¥;11U 53, ¥ 31} and g'(§;) := max{g'(x))| x; € [¥};, ¥;;1U %3, ¥ 31} Then, F;(0) > 0,
F(0) > 0 from inequality (12). Moreover, from the continuity of F; and F}*, there exists a constant u > O such that F;(u) >0

and Fi*(,u) >0fori=1,2,...,n. Let (x(¢),y(t)) = x(t; ¢, V), y(; ¢, ¥)) be the solution to Eq. (4), with the initial condition
(¢, ¥) € A¥. Under the transformation u(t) = x(¢t) — X, v(t) = y(t) —y, system (4) becomes

i (t) = —a;u; (1) + 3y bijlg v (t — wij) +5;) — g (G,

_ ; g g i=1.2.....n (13)
Ui (1) = —civi(t) + X2y dijlg(x;(t — 0ij) + Xj) — g (¥ ))],
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where u= (u1,u2,...,u,) and v= (v1, v2, ..., vy). Now, consider function z;(-) (j =1, ..., 2n) defined by
zi(t) = e |u; (1)), i) =], i=1,2,....n. (14)
Let § > 1 be an arbitrary real number and denote
K = max [ sup |xi(0) — %], sup }yi(e)—y,-” > 0. (15)
I<i<nlge[—1,0] 0e[—1,0]

Hence, z;(t) < Ké fort € [-7,0] and all j =1,2, ..., 2n. In the following, we shall prove that

Z7j(t) < Ké forallt >0, j=1,2,...,2n. (16)
Suppose this is not the case. Then there are an j € {1, 2,...,n} (say j = k) and a ¢ for the first time such that

zj(t) < Ké, tel[-t,00l, j=1,2,...,2n, j#k,

Zk(t) <K8’ te[—f, tO),

7k (to) = K8,  with 2 (to) > 0.

Without losing generality, assume k < 7.
Note that z; (o) = K§ > 0 implies u (tp) 7 0. Hence |ux ()| and zx(¢) are differentiable at t = #y. From (13), we derive that

d n
Tl t0)| < —afun(to)| + D 1bijlg 01w ¢ = )| (17)
j=1

Hence, from (14) and (17),

n
2 (to) < et |ug(to)| + € |:—ak|uk(t0)| + Z |bijlg'(nj)|v; (o — Tkj)|:|
j=1

n
< —(ax — e ug ()| + Y 1bajlg' (e ™ 2 j (1o — )
j=1

n
< — (@ = e g ()] + Y Ibijlg 0 ™ [ sup 2 0)]

j=1 Oelto—1,1]

n
<- {ak — =Y |bijlg' (nj)et™ } K3
j=1
<0

which is contradict to Zy (fo) > 0. Hence the inequality (16) holds. Since § > 1 is arbitrary, by allowing § — 1, we have z; (1) < K
forany ¢t >0,i =1,2,...,2n. Therefore, we have

|xi(l)-ii|<Ke*l”, |yi(t)—yi|<Ke’/”,

foranyr>0,i=1,2,...,n, (x(t),y(t)) is exponentially convergent to (X, y). The proof is completed. O

Remark 3. System (3) can be regarded as a particular case of system (4) for ¢ = 0. Hence there exist 2" exponentially stable
equilibria for system (3) under the assumptions (H;), (H») and (H3).

4. Further extension

In this section, we shall consider a more general BAM neural networks as follows:

Xi () = —aix;i(t) + 2 bijg (v (t — wij)) + I,
Vi) =—cjyj() + 31 djigxi(t — o) + Jj,

fori=1,2,...,n, j=1,2,...,m, where g(x) = tanh(x). If all 7;;, 0;; = 0, then system (18) is an ordinary differential equations;
else it is a functional differential equations. If n = m, system (18) is equal to system (4). If n 5 m, then the number of neurons
in each layer of the BAM neural networks are different. To consider the multistability of system (18), we propose more general

(18)
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conditions as follows, for 0 < k < min{n, m}
HY) o1 =12,k
a;ci
(Hg‘)) fori =1,2,...,k, there exist two points (u#;1, v;1) and (u;2, vi2), where u;1 < u;2, that
if bij di; >0,  H(uin) <vit. G (vi1) <up,
H; (ui2) > vi2, G; (vi2) > u;2;
if bis,dii <0, H (uir) > vi1, G (vi1) <uji,
H (ui2) < viz, Gy (vi2) > upa,

where

G+(}’z)——<bng(}’z(l‘))+1+ Z |blj> G (yz)—_<bllg(}’l(t))+1_ Z |bij|>7

J=1j#i J=1j#i
n
H,-+<x,~>——<dug(xz<r))+11+ Z |d,,|> H~ (xl)——(dl,g(xlm)ﬂl > |dij|>.
J=1j#i J=1,j#i

As in Section 2, there also exists the similar points (x;[, yfl), (X155 (xl.Jg, yl.Jg), (X;9, Yin)s (x;g, y;g), (x;3, y;3) and the similar
regions

9'1 ={0 ) R | () € [xn ] x i it ]
={0, ) €R? | (v, ) € [x 2] x [y, v
{(xsw €R? | (x,y) € x5, x5] x [y vis ]}
where i < k. Fori > k, denote

1 (w ,
( Z|b,,|+1) x;):;(z:wijwli), i=k+1,....n

1 ]=1

( Id,;,'|+1,~), yib = (Z|d,,|+]> i=k+1,....m

QO = {(-xk-'r]’ e Xny yk+17 sy )’m) S R(n_k)X(m_k) |

X; € [10’ ]yj [yjfo,y;)]forizk—i—l,...,n,j=k+1,...,m}.

There are 3¥ disjoint closed regions in R"*™. Set 2 = {(x1,..., X0, Y1» ..., Ym) € R |(x;, yi) € :sz, (k1o -+ o s Xy Vot Lo e -
ym) € 2°) with B = (B1. B2..... Br). and f; =1,2,3.

Applied the same method in Section 3, the similar points ()Ei_], Vi) ()E;q , yiﬁ ), ()Eig, &5), ()E;g, )7;5) can be found for i < k.
Consider the following 2% subsets of C([—1, 0], R"*™). Let B=(B1,P2,...,Bx) with 8; =1, or 3, and set
AP =@, 9) = @1, 02, o s W1 Voo U) | (B ¥) € AP fOri <5 (Bt s By Vit s Yim) € A%,

where
A1={<¢l,wl)e0([ .01 R?) | ¢;(0) € [%. ], wi(0) € [5;. ;). forall 6 € [, 0]},
={(¢i. ¥) €C([-7.01.R?) | 1 (0) € [%;3. 5], ¥i(0) € [§5. 575]. forall 0 € [—7,0]},
={(@ks1. - P Vit - Ym) € C([—7, 0L, ROUTOX =0 65, 0) € [x7g. x75 ]
i (0) €[50, yjo), forall 6 € [z, 0]}.
Consider (Hgk)):

—ai + Y5y 1bijlg' ) + Xt il <0, ¢'(np) :=max{g'(y) | yj € [y, YU i3 51,
—ci + Zl}=1 |dij1g'(€)) + X jopr 1dijl <0, g'(§)) :=max{g'(x)) | xj € [xjy, x ;1 U x5, x 51}
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Theorem 4.1. Under conditions (H(lk)) and (Hék)), there exist 3k equilibria in system (18).
Theorem 4.2. Under conditions (Hgk) ) and (H;k)), there exist 2k positive invariant sets, denoted by AP in system (18).

Theorem 4.3. If conditions (HY()), (H;k)), and (Hgk)) hold, there exist 2 exponentially stable equilibria for system (18).
The proofs are similar with Theorem 2.2, Theorem 3.1 and Theorem 3.2, and here omit them.
Remark 4. If n = m and k = n, the conclusion in Theorem 4.3 is the same with Theorem 3.2.

Remark 5. If k£ = 0, the condition (HEO)), (Hgo)), and (H§0)) can be rewritten as follows

—a; + Y1y 1bijl <0, i=1,...,n,
—ci+ 2oy ldijl <0, i=1,....m.

Use the knowledge of M -matrix in [24], there exists an equilibrium for system (18), which is global exponentially stable.
5. Numerical examples
In this section, two numerical examples are given to illustrate the validity of results.

Example 1. Consider the BAM neural network as follows,
X1(1) = —x1(t) —28(y1(t — 7)) + 0.2 (y2(t — 7)) + 0.5,
X2(t) = —x2(1) + g1t — 7)) +4g (2@ — 1)) — 1,
Y1) =—=y1(t) —3g(x1(t — 7)) — 0.5g(x2(t — 7)) — 0.2,
YW2(t) = —=y2(t) + g(x1(t — 7)) +2.5g(x2(t — 7)) + 0.3,
where g(s) = tanh(s), and ¢(s) = 1 — g2(s). Hence,

GT () =—2g(y1(1)) +0.7, Gy (y1) =—2g(y1(1)) +0.3,
G5 (y2) =4g (), G, () =4g(»n ) -2,

H{ (x1) = —3g(x1(t)) +0.3, H{ (x1) = —=3g(x1(1)) — 0.7,
H,f (x2) =2.5g(x1(1)) + 1.3, Hy (x2) =2.5g(x2(1)) — 0.7.

Herein, the parameters satisfy our conditions:
Condition (Hj):
biidn bada

=6>1,
ajci azcy

19)

=10>1.

Condition (Hy): there exist four points (u11, vi1) = (=1, 1.4), (12, v12) = (1, =1), (w21, v21) = (=2, =1), (u22, v22) = (1, 1),
where 111 < ui2 and uoy < up, that

H{ (u11) =1.5848 > vy, Hy (u21) = —1.1101 < vy,
Gl =-1.0707 <uyy,  GJ(v21) = —3.0464 < uy,
H (u12) =—1.9848 <vip,  H, (u2) = 1.2040 > vy,
G, (v12) = 1.8232 > uyy, G, (v22) = 1.0464 > uz;.

Condition (H3):
—1+2g"(m) +0.2¢'(n2) = —0.3577 < 0,
—1+g¢'(n) +4g () = —0.2011 <0,
—1+3g'(51) +0.5¢' (&) = —0.5314 < 0,
—14g'(&1) +2.5¢'(§) = —0.1244 < 0,

where

x;=-1.6919, x| =-1.1923,  x;=22796,  x/;=2.6974,  g'(m) =g (x{;)=0.3089,
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-4

Fig. 4. Transient behavior of system (19), where ¢ = 0.

yp=17939,  y=3.1031, y;=-3.6728,  y;=-2.6378,  g'(¢51)=g(y;;) =0.1048,
Xy, =—5.9867,  x;=-3.3267, x;;=17109, x5=3.9959,  g'(n)=g'(x33)=0.1225,
5 = —3.2000, v = —1.1936, o3 = 1.6419, Yoy = 3.7983, g'(&) =g'(y5;) =0.3083.

For T =0, system (19) has 9 equilibria, in which 4 equilibria are stable, according to Theorem 3.2. Simulation results with 60
random initial states are depicted in Fig. 4.

Example 2. In Example 1, if we delete the neuron y, and its corresponding connections with other neurons, then the neural networks
is as follows:

x1(t) =—x1(t) —2g(y1(t — 7)) + 0.5,
) =-x@)+gyi1t—1) -1, (20)
yi(t) =—y1(t) —3g(x1(t — 1)) —0.5g(x2(t — 7)) — 0.2,
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Fig. 5. Transient behavior of system (20), where 7 = 1.

where g(s) = tanh(s), and g(s) = 1 — g%(s). Hence,
GTon=-2¢(y(®)+05 Gy 1) =-2¢(y()+05,
H{"(x1) = —3g(x1(1)) +0.3, H{ (x1) = —=3g(x1(1)) — 0.7,
where Gf'(yl) =G, ().

Herein, the parameters satisfy our conditions:
Condition (Hgl) ):
bidn
aci

=6>1.

Condition (Hgl)): there exist four points (u11, v11) = (—1, 1.4), (u12, v12) = (1, —1), where u1; < u1 that

H{ (u11) = 1.5848 > vy, H{ (u12) = —1.9848 < vyo,
Gy (i) =—12707 <up, Gy (vi2) =2.0232 > up.

Condition (Hgl)):

—1+42g'(n1) =—0.5858 <0,
—14+g'(m) =-0.7929 <0,
—1+43g'(¢1) +0.5=-0.2759 <0,

where

xp=—1490,  xfi=-1424,  x;=2480, x;=2497,  ¢(m)=g'(x{})=02071,
yp=1971,  yf[=3.010, y5=-3.660, y;=-2.658,  g'(&1)=¢g'(yy;)=0.0747.

For t = 1, from Theorem 4.3, there are two equilibria which are exponentially stable in system (20). It is the same with the
condition for T = 0 in system (20). And the dynamics are shown in Fig. 5.

6. Conclusions

In this Letter, the multistability has been studied for BAM neural networks. The capacity of the associative memories in the
BAM neural networks are learned. Due to the loss of self-connection, the amount of the equilibria is not as large as other neural
networks in [14—16]. For the BAM network with n neurons on each layer, there exist 2"* exponentially stable equilibria. Moreover,
the model has been extended to more general condition. If there are n and m neurons on the two layers respectively, some sufficient
conditions are proposed to warrant the existence of 2¢ exponentially stable equilibria, where & varies from 0 to min{n, m}. For
k = 0, the equilibrium is global exponentially stable under the proposed condition. Finally, some examples have been provided to
verify the new results. Furthermore, the coexistence of stable equilibria, stable limit cycles, and even chaos is an interesting topic.
It will be investigated in near future.
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