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Abstract

In this paper, the multistability is studied for two-dimensional neural networks with multilevel activation functions.
And it is showed that the system has n? isolated equilibrium points which are locally exponentially stable, where the acti-
vation function has n segments. Furthermore, evoked by periodic external input, n” periodic orbits which are locally expo-
nentially attractive, can be found. And these results are extended to k-neuron networks, which is really enlarge the capacity
of the associative memories. Examples and simulation results are used to illustrate the theory.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In the past decades, the studies of neural networks have attracted a tremendous amount of research interest.
The dynamical behaviors including stability [1-5], periodic bifurcation and chaos [6-9] of the neural networks
have become a focal topic. While the applications of the neural networks range from classifications, associa-
tive memory, image processing, and pattern recognition to parallel computation and its ability to solve opti-
mization problems. While the theory on the dynamics of the networks have been developed according to the
purposes of the applications.

In some applications, there is a need to design a neural circuit possessing a unique equilibrium point. For
example, when solving important classes of optimization problems [10-12], where uniqueness of the equilibrium
is required to prevent convergence toward local minima (undesired spurious responses) and hence ensure global
optimization. Such a convergent behavior is referred to as “monostability” of a network. Many results on global
convergence concern neural networks where the neuron activations are modeled by Lipschitz-continuous
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functions. However, discontinuous neuron activations are of importance and do frequently arise in practice. For
example, the classical Hopfield neural networks (HNNs) with graded response neurons [13]. The dynamical
behaviors of neural networks with discontinuous activation functions have been studied in [14-16].

On the other hand, when a neural network is employed as an associative memory storage for pattern rec-
ognition, the existence of many equilibria is a necessary feature. The notion of “multistability” of a neural
network is used to describe coexistence of multiple stable patterns such as equilibria or periodic orbits. The
existence of multiple stable patterns has been developed for cellular neural networks in [17-19]. It is found
that an k-neuron cellular neural networks can have up to 2* locally stable equilibria in [20]; and 2* locally
attractive periodic orbits with periodic external inputs in [21]. Some similar results have been found with Hop-
field-type neuron activations in [22]. The multistability of neural networks with piecewise linear activation
functions has developed in [23,24]. In this paper, we study a type of two-dimensional neural networks with
discontinuous neuron activations, which can have »n? locally stable equilibria, where # is the number of seg-
ments of the multilevel activation functions. And n” locally attractive periodic orbits can been found with peri-
odic external inputs. In extension, there could been n* locally stable equilibria in a k-neuron networks.
Compared with the previous result [20-24], by using multilevel activation function, we can design neural net-
works with arbitrary number of stable equilibria which is really enlarge the capacity of associative memories.

The remaining part of this paper is organized as follows. In Section 2 the model and the activation function
are given. In Section 3, the number of equilibria of neural networks are obtained. In Section 4, three illustra-
tive examples are provided with simulation results. Finally, conclusions are given in Section 5.

2. Model description

Consider two-dimensional (2-D) neural networks described by the following of differential equations:

{dxé—;(t) = —x1(t) + anf(x1(?) + anf (x2(2) + 11, 0
820 — —x (1) + anf (x1(1) + anf (xa(0) + 1

or its equivalent vector form

dx(t
% = —x(¢) + Af (x(1)) + 1,
where x; denotes the activity neuron i, x = (xl,xz)T € R? denotes neuron state, f{x) = (f{x;),f(x>))" denotes
activation function, 4 = Z“ le € R*? is a matrix whose entries represent the synaptic neuron intercon-
2 am

nections, and I = (,(1),1,(¢))" € R? is a vector of constant external neuron inputs. If the inputs are w-peri-
odic, then the neural networks can be written as follows:

{‘““ = —x (1) + anf (0 () + anf () + 1), .
dxé;(t) = —x2(t) + ax f(x1(1) + anf(x2(t)) + (1),

where the inputs 1(1) = (I,(¢),1,(¢))" € R? is a vector with w-period.
In the neural networks, Egs. (1) and (2), the activation function is discontinuous, which has n segments.
Choose two arrays of number {by, by, b, ...,b,}, {c1,¢2,...,¢,} as
—l=ca<bh<ao<bh<a<..<b_,<c_1<b,_1<c,= 1, and b():*OO,bn:+OO.
cr, x<by;
fx)=1q ¢, by <x<b;

Cpy X = bnfl-

(3)

fori=1,2,...,n;, while x < by <= by < x < by, and x = b, | < b,_; < x < b,. So f can be rewritten as:

f(x)=¢, if by <x<b;.



G. Huang, J. Cao | Communications in Nonlinear Science and Numerical Simulation 13 (2008) 2279-2289 2281

15 1.5

1 1

0.5 0.5

f(x)
—x+f(x)

0 0

-0.5 -0.5

(a) The figure of f{x), which is a multilevel function with four (b) The figure of —x + f{x), where f{x) is a multilevel function with
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(c)The figure of af{x), where f{x) is a multilevel function with four ~ (d)The figure of —x + af(x), where f{x) is a multilevel function with
segments, and cross line g(x) = x four times. four segments. And —x + af{x) have four zero points.

Fig. 1. The figure of f{x), —x + f(x), af(x) and —x + af(x), where f(x) is a multilevel function with four segments.

3. Main results

First, we consider the following model with the single neuron:

PO <) +16:0) = Fix(0). @

Denote N; = (b;_1,b;). f(x), as defined above, has n points of intersection with line g(x)= x, which are
C1,C2,---,Cn, ¢; € N; (See Fig. 1(a)). Hence there are n zero points for F(x) (see Fig. 1b). Furthermore, if
x(ty) € [¢; — &,¢; + €] C N, then the Eq. (4) can be rewritten as follows:

dx(1)

T = —x(t) =+ Ci.
Hence, c; is an equilibria of the equation, which is locally stable. So the Eq. (4) has n locally stable equilibrium,
which are ¢y, ¢y, . .., c,. Similarly, consider the equation as follows:

dx(¢

% = —x(t) + af (x(¢)) + 1. (5)

If af(x) + I has n points of intersection with line g(x) = x, which is equivalent to (ac; +I) € N; (see Fig. lc),
then Eq. (5) has n locally stable equilibrium (see Fig. 1d).
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For example in Fig. 1, a =1.2, I=0.2 and f{x) is defined as follows:

-1, x<-3%;
_%7 _%<x<07
f=4, 0 5 )
3 \x<§7
1, x>%

From Fig. 1a and c in the left, we can find that f{x) and af{x) + I both have four points of intersection with
line g(x) = x four times. So Fig. 1b and d show that —x + f{x) and —x + af{x) + I both have four zero points.
Hence, Eqgs. (4), (5) have four locally stable equilibria.

In the following, two-dimensional neural networks are considered. We will give two theorems for checking
the multistability of system (1) and (2).

Theorem 1. The two-dimensional neural network (1) has n* locally exponentially stable equilibrium points with
constant input I and n segments multilevel function f, if for ¥ i € 1,2,...,n,
{bil + lan| < ane; + 11 < by — |aiy|
bi_1 + |ax| < anc; + 1, < by — |az |

(7)

Proof 1. Denote N;; = (bi—1,b;) x (b;-1,b;). If (x};,x3;) € Nj; is an equilibrium of system (1), then we have

x1,+a11f(x1,)+a12f( ;) +1i =0,
+a21f(xll)+a22f( )+12—0

X); = anc +apc; + 1,
x;j = arc; + anc; +12

From Eq. (7), for Vi,j € {1,2,...,n}, we have

by <anci+anpc;+1 <b;,
bj—l < ax ¢ + anc; + 1, < bj.

Hence, in the local area Ny, system (1) has exactly equilibrium (x]*i,xzj), where xi, = ajic; +anc; + 1, €
(bi_1, b,»),xzj = ayc; +anc;+1 € (bj_y1,b;). So,fori=1,2,...,n,j=1,2,...,n, there are n” local equilibrium
points in all.

Next, we prove the n*> equilibrium points are local exponentially stable. For V N, we can find
b;_\,b;, b, b}, which have

tl7t7ji7

bi_ <bL1 < Xj; < b, < by, by <b - <x21<b/ <b,.
Denote N;j = [b_,,b}] x [b; s ]} which is a close set. For V(x;(), x2(#)) € Ny;, there must be a set N’ which
contain (x;(),x2(¢)). We say that it stays in the local area N’ . If this is not true, then there is a time t>to,
(x1(2),x2(¢)) not in Nj,. There must be xl(t) notin [b,_,,b], or xz(t) notin [5,_,,b’]. If x,(¢) < b]_,, then there is a

=D
time 7; < 7 that x;(¢;) = b < 0. From the Eq. (1), we have

doxy (¢
(115 ) = —xi(t1) + anf(x1(t)) + anf(x2(tr)) + 11 = =b}_| + anc; + anf(x(t)) + 1 >0,
=t
which is contradiction. So we have x,(r) > b, , for all > 0. In the same way, we can prove x;(¢) < b; for all
t <0, and x,(¢) € [b; 1 j] This shows the orbits stay in the area N}, which is also in N;. Now we can rewrite
Eq. (1) as
{dx‘ift) = _xl(t) + X7
dxé—f’) = —x2() +x3;.
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Hence, the orbits from N; tend to (xj;,x3,) exponentially. There are up to n” locally exponentially stable equi-
librium points {(x};,x3;)}, i,j =1,2,...,n. and the proof is completed. [

Theorem 2. The two-dimensional neural network (2) has n* locally exponentially limit cycles with w-periodic
input I(t) and n segments multilevel function f, if for ¥i € 1,2,...,n,

{bi—l + lan| < ane; +1i(t) < by — |an, (8)
bioy + |aa| < anci + 1I(t) < b — |ax|.
Proof 2. With the similar proof in Theorem 1, we can derive the same conclusion. For V i,j =1,2,... n, if

(x1(t0),x2(t0)) € Ny, there must be a close set

N =[b 6] x [V

ij i—17"i j—1

bl C N

and the trajectory, from the initial value (x;(t)), x2(#)) € N;;, will remain in the local area N;,. Hence it will also
remain in N;. Eq. (2) can be rewritten as follows:

d%(l): —x1 () + anc; + anc; + 1 (1), o
dxé_t(t) = _Xz(t) + an|C; + aZZCj +[2(t)

Let x(z;29,%0), and x(t;4),%) be two states of Eq. (2), with initial conditions (¢y,%,) and (¢, %), where X,
Xo € N;;. We can find a close set NQ/ C Ny, such that %, Xy € Ngi. From Eq. (5), for t > t5,i = 1,2
d(xi(t; 20, X0) — x:(t: 10, %0))
d¢

Define a mapping H: R*> — R? by H(s) = x(ty + w;to,s). Then H(N}) C N,

ij?
can choose a positive m such that exp(—mw) < o < 1, Hence, from Eq. (10),

[ (&) — H” (i0) | < exp(—ma)[[% — ol] < a5 — %ol

= —(xi(t; 20, X0) — x;(t; 10, X0))- (10)

and H"(s) = x(to + mw;ty,s). We

By contraction mapping principle, there exists a unique fixed point x* € Nﬁ, such that H"(x*) = x*. Obviously,
it is also the unique fixed point in Ny;. In addition, H" (H (x*)) = H(H" (x*)) = H(x"). This shows that H(x") is
also a fixed point of H™. Hence, by the uniqueness of the fixed point of the mapping H”, H(x*) = x*; that is
x(ty + w; tg,x*) = x*. Let x(#; 49, x*) be a state of Eq. (2), with initial condition (#,x*). Then from Eq. (9), for
any ¢t >0

dxy (£ 2, x* .
Ai%f—l:fMMmJ)+mWmeq+hUL
dx, (5 ¢, x* .
% = —)Cz(f; to, X ) + arc; +022C,- +12(t)

Hence, for any t+ w = ¢

W = —x1(t + w;t,X") + anc; + anc; + 1 (t + o)
=—xi(t+ w;to,x") + anc; + apnc; + 1 (1),
dos (¢ + 10, %)
dr
This implies that x(¢ + w;fy,x*) is also a state of Eq. (2), with initial condition (#y,x"). x(¢fp + w;#,x") = x*
implies that for any >0

= — )Cz(t =+ W t(),x*) + anC; + CZQij +12(f)

x(t 4 w;t9,x") = x(t; 80 + 0,x") = x(¢; £y, x").

x(t; ty,x*) is a periodic orbit of Eq. (2), with period w. From Eq. (9), it is easy to see that any state of Eq. (2),
with initial condition (#,x*) (x* € N;;), converges to this periodic orbit exponentially as 1 — +oo. Hence,
the isolated periodic orbit x(z;7,x*) located in N is locally exponentially attractive, and N; is a locally
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exponentially attractive set of x(z; 7, x*). Hence there exist n* isolated periodic orbits which are locally expo-
nentially attractive. This completes the proof. [

It is worth nothing that the obtained results can be easily extended to k-neuron networks,
dx(t
S 20+ A7) + 10, (1)

where x = (x1,X,...,%) € R" denotes neuron state, 4 = (a;) € R™* is a real k x k, each of its elements a;,
denotes the synaptic weights and represents the strength of the synaptic connection from neuron j to neuron
i,and I(¢) = (I, (1), 15(t), ..., 1:(t))" € R* denotes external inputs. The activation function fis a multilevel func-
tion with n segments. For any vector x € RY.f(x) = (f(x1), f(x2), ...,/ (x))" € RE.

Theorem 3. The k-neuron network (11) has n* locally exponentially stable equilibrium points with constant
external input I and n segments multilevel function f, if for any i € {1,2,...,n}, and j € {1,2,... k}

k k
b[,1+ Z |aj/| <aij,-+[j<b,-f Z ‘aj/|.
I=1,1#j I=1,1#j

Proof 3. The proof is similarly to Theorem 1. So we omit it, here. [

Theorem 4. The neural network (11) has n* locally exponentially limit cycles with w-periodic input I(f) and n
segments multilevel function f, if for any i € {1,2,... ,n}, and j € {1,2,... k}, t >ty

k k
b+ Y lagl < ayei+Ii(1) <b— > lal.
I=1,1#j I=1,1#j

Fig. 2. Phase plot of (xy,x;) in Example 1.
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Proof 4. The proof is similarly to Theorem 2. So we omit it, here. [

Remark. In [22], the activation functions are considered as the Fermi function:

1
) = Te

With constant external inputs, there exists 3* equilibria under the conditions proposed in [22], and in which 2*
equilibria are stable. And in [21], with the piecewise linear activation functions, there are 2* limit cycles, which
are evoked by periodic external inputs.

From Theorem 3, by using multilevel activation function, there would be n* stable equilibria with constant
external inputs, where n is the number of segments of the multilevel activation functions. And in Theorem
4, we also proved that there exist #* limit cycles under the periodic external inputs.

4. Three numerical examples

In this section, we give several numerical examples to illustrate the new results.

Example 1. Consider the following neural network:

(20) - ()4 (12 1005) )+ (°0):

where f{x)is a piecewise function, which has four segments.

6 8 10 12 14 16 18 20

I I I I I I I
6 8 10 12 14 16 18 20
t

Fig. 3. Time response of x;,x; in Example 1.
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This network satisfies the conditions of Theorem 1. As numerical simulate shows, model (12) has 4° = 16
locally stable points. (Figs. 2 and 3)
Example 2. Consider another neural network:
X (t x(t 09 —0.08 xi(t 0.07 sin(¢
<.1()>< 1())+< )(f( 1())>+( ()). (13)
X2 (1) x(2) 0.03 1.1 f(xa(0)) 0.08 cos(?)

where f{x) has five segments.

-1, x<—%;
3 T sSx <oy
fx)=<¢0, —}—t<x<}—‘;
3o Sx <y
1, x>%.

For network (13) the conditions of Theorem 2 hold. As numerical simulate shows, model (13) has 5% =25
locally exponentially limit cycles (Figs. 4 and 5).

Example 3. In this example, we simulate the three-dimensional neural network:

i1 (1) x1(2) 095 0.1 0.1\ /f(x:(2) 0.07 sin(z)
@ == x@ |+]02 1 01 f(x2(2)) | + | 0.08cos(¢) . (14)
x3(7) x3(7) —02 0.1 1 S (x3(0) 0.1(sin(¢) + cos(t))

where f{x) is a multilevel function, which has three segments.

1.5 -

-05

Fig. 4. Phase plot of (xy,x;) in Example 2.
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t

This parameters also satisfy the conditions of Theorem 4. As numerical simulate shows, there are 3° = 27 lo-
cally exponentially limit cycles. We demonstrate the dynamics as well as evolutions of components
x1(8),x2(¢),x3(¢) for the system in Figs. 6 and 7, respectively.

5. Conclusion

In this paper, the multistability has been studied for two-dimensional neural networks with multilevel type
of activation function, and we extended the obtained results to the k-neuron networks. In associative memo-
ries, as a practical application of neural networks, the capacity of memories can be arbitrary large as you need,
even though the dimension of the neural network is really small. The simulation results show the character-
istics of the multistability. However, the distributing of the equilibrium points is still an open problem. Also,
the dynamics of the neural networks with delay is another interesting topic to be investigated in near future.
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